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COHERENCE AND COMPATIBILITY 



JAMILSON R. CAMPOS 

Abstract. Considering the successful theory of multiple summing multilinear operators as a 
prototype, we introduce the classes of multiple Cohen strongly p-summing multilinear operators and 
polynomials. The adequacy of these classes under the viewpoint of the theory of multilinear and 
jj^ polynomial ideals and holomorphy types is discussed in detail. Some abstract results are also proved 

, in the abstract setting of the full general Pietsch Domination Theorem due to Pellegrino, Santos and 

Seoane-Sepulvcda. 



1. Introduction 

J. S. Cohen [8] introduced the class of strongly p-summing linear operators motivated by the fact 
that the class of absolutely p-summing linear operators is not closed under conjugation. Pietsch (|20j. 
page 338) shows that the identity operator from l\ to li is absolutely 2-summing but its conjugate, from 
h to loo , is not absolutely 2-summing. In his work Cohen shows that the class of strongly p-summing 
operators characterizes the conjugates of absolutely p*-summing operators, with l/p + 1/p* = 1. 

In the context of the theory of operator ideals ([21] [22]), it is a natural question whether the class 
of Cohen (linear) operators forms a complete ideal and also how to generalize this class to multi-ideals 
and polynomial ideals without loosing the essence of the original ideal. For absolutely summing linear 
operators there are several types of extensions (e. g. [TO] US]). We mention [3], [5], [6], [7], [18] as 
attempts to establish general criteria that the ideals should possess to preserve properties of the linear 
ideal. 

The notion of Cohen summability for multilinear operators was investigated by [1] (see also [12]). 
In this work we introduce the class of multiple Cohen strongly p-summing multilinear operators and 
polynomials and we show that these ideals are coherent and compatible. 

There are also two well known approaches used to study polynomials between Banach spaces. On 
the one hand, L. Nachbin [14] introduced holomorphy types as classes of polynomials that are stable 
under differentiation. On the other hand, A. Pietsch |21j introduced the notion of ideals of multilinear 
operators that immediately adapts to polynomials. Some classes of polynomials are both holomorphy 
types and ideals, such as nuclear and compact polynomials. We show that this fact is also true for the 
class of multiple Cohen strongly p-summing polynomials. 

The paper is organized as follows: Sections [2] and [3] contain definitions and results concerning Cohen 
linear operators; in Section [4] we define the notion of multiple Cohen strongly p-summing multilinear 
operators and compare the size of this class with the class introduced in [1] ; Section [5] is devoted to 
show that these classes are ideals; Section [5] deals with the notions of coherence and compatibility in 
this framework and, finally, Section [7] is devoted to show that the class of multiple Cohen strongly 
p-summing polynomials is a global holomorphy type. 



Key words and phrases. Cohen strongly p-summing operators; full general Pietsch Domination Theorem; operator 
ideals, polynomial ideals. 
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Although most authors, probably all, define the Cohen strongly p-summing multilinear operators 
through inequalities, we prefer to define them primarily using sequences, and then we show the equivalent 
characterizations via inequalities. This approach has some advantages in the statements of many of our 
results. 

2. Linear Cohen strongly summing operators 

Let us begin with a more detailed study of the class of Cohen strongly p-summing operators, defined 
in[E]. 

Definition 2.1 (Cohen, [8]). A sequence {xi)°^L 1 in a Banach space E is Cohen strongly p- summing if 
the series X)j=i fi{ x i) converges for all {tpi)i^Li £ lp*(E ), with l/p + 1/p* = 1. 

We denote by l P {E) the space of Cohen strongly p-summing sequences in E. It is possible, for reasons 
of management, to replace the series fifoi) m Definition 12 . 1 1 by the series ^(^Oli which we 

use in our text. The proof of this result is performed by a straightforward calculation. 

Proposition 2.2. Let {xi)°°^ 1 be a sequence in E. The series fii. x i) converges for all (</?i)iS;i G 

lp, (E ) if and only if the series IVtO^')! converges for all {tpi)^i G 1™, (E ). 

Is not difficult to prove that l p (E) is a normed space with the norm 

oo 

\\(Xi)Zl\\c,p = SUp V \<Pi(Xi)\ 

ll(*>*)£ilL,p»<i i= i 

and furthermore the duality (l p (E)) = l p *(E ), with l/p+ = 1, leads to following result 

Proposition 2.3 (Cohen, [8]). If 1 < p < oo, then l p (E) C l p (E) C l p (E). Moreover, if p = 1 then 
l p (E) = l p (E) and if p = oo then l p {E) = lp{E) isometrically. 

Note that if T G C(E; F), then the operator 

f s : l p (E) -> l p (F) defined by (x^ ^ (J ( Xl ))f =1 , 

is well-defined and continuous. In our context, the interesting case occurs when this type of 
correspondence induces a continuous operator from l p (E) to l p {F), which motivates the definition of a 
Cohen strongly p-summing operator. 

Definition 2.4. Let 1 < p < oo. An operator T G C(E;F) is Cohen strongly p-summing if 
(T(xi))°^ 1 G l p (F) whenever (xi)f^ =1 G l p {E), that is, if the operator 

f :l p {E)^l p (F) ;{xi)Z^{T{xi))Zi 

is well-defined. 

We denote by V p (E;F) the set formed by the Cohen strongly p-summing operators. It is easy to 
show that V p (E;F) is a subspace of C(E;F) and, by Proposition [231 V X {E;F) = C(E;F). The next 
result (essentially known) gives some characterizations for the Cohen strongly p-summing operators. 

Proposition 2.5. For T G C(E;F) and jj + = 1, the following statements are equivalent: 
(i) T is Cohen strongly p-summing; 
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(ii) there is a C > such that 

oo 

El^( T (^))l^ c 'll(^)£ill P ll(^)£ilk P « , 

whenever (xj)^ G Z P (J5) and (^t)Si e l p'( F ')> 
(Hi) there is a C > swc/i i/iai 



(2.1) 



XXt^))! <c||fo)£i|| P ||(w)£ilkp- 



/or all m G N, Xi € E, ipi <E F , i = 1, m . 

Proof, (i) (ii) Since T is Cohen strongly p-summing, the operator 

T: Z;,(F')xW^i 

is well-defined and bilinear. A simple calculation shows that T has closed graph and hence is continuous. 
Hence, 



Y,\y i (T(x i ))\ = T((^X=i,(^X=i) 



< 


T 


h 





K*i)£ilUI(¥>i)£ilk,- 



(Hi) => (ii) Let (x,)^ G and (<^)£ x e )• Then » 

00 / r n \ 

£ |^:(T(.T ?; ))| = sup 5^|Vi(T(Si))| j 

'— 1 m \i— 1 / 

< SUP (C 1 1 (^0^1 1 |p 1 1 (^i)^! I ) 
m 

^IKZOSlllpllteosllkp.. 

(m) (i) and (ii) => (Hi) are immediate. □ 

The smallest C such that the inequality (|2.1j) is satisfied defines a norm in T> p (E;F), denoted d p (-). 

d p (T). 



Furthermore, we have 



T 



3. Polynomial and multilinear Cohen strongly summing operators 

In this section we study the class of Cohen strongly p-summing multilinear operators; it is a natural 
extension of the linear case, based in the idea and principles formulated by J. S. Cohen. The definition 
of this class is built via sequences although the most common definition, such as in [T], is done by 
inequalities. The main results of this section are Theorem 13.81 and Theorem [ 



Definition 3.1. Let 1 < p < 00 and Ej, F Banach spaces, j = 1, n. An operator T £ C(E\, E n ; F) 

((1) (n) \ 00 / ( ') \ 00 

T(x\ , ...,x\ )J G lp(F) whenever [xf J G l np (Ej), j = 1, ...,n, 



that is, the operator 



is well-defined. 



f :l np (E 1 )x---xl np (E n )^l p (F) 

((^)) £ij ...,(^)) £i )^(t(^,..,^))7 =i 
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The set of all n-linear Cohen strongly p-summing operators from E\ x • • • x E n to F is denoted by 
Ccoh,p{E\, E n \ F). Is simple to show that Ccoh,p C^ii — j E n ; F), provided with the usual operations, 
is a subspace of C(Ei, ...,E n ;F). The next result is folklore and we just sketch the proof. 

Proposition 3.2. ForT £ C(E±, E n ; F) and 1/p+l/p* = 1, the following statements are equivalent: 

(i) T is Cohen strongly p-summing; 

(ii) there is a C > smc/i i/iai 

oo / oo \ V"P / oo \ V»P 

Eiw^ 1 «i n) ))i<o Eii^H - Elixir ik^iIUp* , 

i=l \i=l / \i=l / 

whenever (x^A £ l np (Ej) , j = l,...,n and (ifi)^ £ lp,(F). 

(iii) i/iere is a C > smcA i/iai 

(3.i) £MT(4 1 \...,x| n) ))i<c giix^ir ... Elixir iifo^iiu*- > 

i=l \j=l / \i=l / 

/or a/Z m £ N, xf £ Ej, (pi £ F , i = 1, ...,m , j = l,...,n . 

Proof, (i) => (ii) This proof is analogous to (i) =>• (ii) in Proposition 12.51 by using the closed graph 
theorem for multilinear mappings. 

(ii) =>■ (?) and (ii) =>• (iii) arc immediate. 

(Hi) => (ii) Exactly the same argument used in (iii) =>■ (ii) of Proposition ^. 51 □ 
The smallest C such that (|3.1|) is satisfied, denoted by | |T|| coh,p , defines a norm in Ccoh.p(E\ : F). 



Moreover, we have 



T 



T 



\\T\\coh,p 



Definition 3.3. Let 1 < p < oo and iS, -F Banach spaces. An n-homogeneous polynomial P £ V( n E; F) 
is Cohen strongly p-summing if 

(P(xi))Zi e 1 p( F ) whenever ( Xl )Zi G L P (E) . 

The set of all n-homogeneous Cohen strongly p-summing polynomials from E to F will be denoted 
by Vcoh,p( n E; F). Is simple to prove that Vcoh, P ( n E; F), provided with the usual operations is a 
subspace of V( n E;F). It follows directly from the definition and the polarization formula (see [13]) 
that a polynomial P £ V( n E;F) is Cohen strongly p-summing if and only if P £ C s ( n E\F) is Cohen 
strongly p-summing. The next result follows the lines of Proposition! 



Proposition 3.4. For P £ V( n E; F) and 1/p + 1/p* = 1, the following statements are equivalent: 

(i) P is Cohen strongly p-summing; 

(ii) there is a C > such that 

oo / oo \ Vp 

X>i(p(*i))i<<7 Eiwr > 

i=l \i=l / 

whenever (x l )°l 1 £ l np (E) and (fi)^ £ ^.(-F 1 )■ 
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(iii) there is a C > such that 

m / m \ Vp 

(3.2) £mp(*o)i<c hriwr , 

i=l \i=l / 

for all m £ N, a;, € £7, ifi £ F , i = 1, m . 

Moreover, the smallest C such that i3.2\) is satisfied, denoted by \\P\\coh.p , defines a norm in 
T C ohA n E;F). 

Proof. Since P is Cohen strongly p-summing if and only if P is Cohen strongly p-summing all statements 
follow by using Proposition 13.21 with P. □ 

An abstract result on multilinear Cohen summing operators 




By invoking Proposition l3.2l we can define a Cohen strongly p-summing multilinear operator by using 
the statement (iii), in the same proposition. We mention that many authors, including D. Achour [5] 
and V. Dimant |H] define a Cohen strongly p-summing operator by: 

Definition 3.5 (Achour, [2]). Let 1 < p < oo, m £ N, Ej, F Banach spaces, j = 1, n. A continuous 
n-linear operator T : E\ X ... X E n — > F is Cohen strongly p-summing if there exist a constant C > 

( 7 ) (1) ' 

such that for all x\ , x)n £ Ej and (pi, tp m £ F 

m ( m n 

(3.3) j2\^ T (4 1 \-,4 n) ))\<c[j2U 
i=i \i=ij=i 

With this definition, Achour jl] proves a Pietsch Domination Theorem (|3.5|) for this class of operators. 
Below we show that the definitions given by (|3.3[) and (|3.1[) are in fact equivalent since both of them 
are characterized by the same Pietsch Domination Theorem. We stress that since 

/ 171 \ VP / m \ !/»P / m \ V'V 

fEOi^ii-ii^n) J ^(Eii^irJ •■ (£N n) irJ > 

the implication (|3.3[) =>■ (|3.ip is obvious. However the implication (|3.ip => ()3.3p seems not 
straightforward. The main tool for the proof of this equivalence is the Full General Pietsch Domination 
Theorem HQSQ7]. 

Let X\, X n , Y and E\, E r arbitrary non-empty sets, % a family of operators from X\ x ■ • • x X n 
to Y. Also be K\, ...,K t compact Hausdorff topological spaces, G\, ...,Gt Banach spaces and suppose 
that the mappings 

Rj : Kj x E\ x ■ ■ ■ x E r x Gj —> [0, oo) , j = 1, t , 
S : H x E x x • • • x E r x G x x • • • x G t -> [0, oo) 

have the following properties: 

1: for each x"> £ and b £ Gj, with (j, Z) e {1, ... , t} x {1, ...,r}, the mapping 

(■R3)x( 1 ) ) ... ) xW,6 : K 3 -> [°!°°) > 

defined by (iJj) I ti).„ !t (r)((^) = Rj(<P, x^\ a:^ 1- -', 6), is continuous; 
2: the following inequalities hold: 

Rj(ip,x^\ ...,x^ r \r]jb^) < r/jlljfaxW, ...,x( r \bV>) 
S(f,x^\...,x^,a 1 b^\...,aM t ))>a 1 ...a t S{f,x^\...,x^M 1 ),...,b^) 
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for all ip E Kj, x® S Ei (with I = 1, ...,r), < r^o, < 1, E G.,, j = 1, ...,t and f EH. 
Under these conditions, we have the following definition and theorem taken from j!7) : 

Definition 3.6. Let < pi, ...,p t ,Po < oo, with — = i H h — . An application f : X\ X • • ■ X X n — >• 

Y E H is RfS- abstract {pi, ...,p t )- summing if there is a C > sitc/i t/iat 

/ m \ Vpo t / m \ Vp* 

\i=l / fc=l * \i=l / 

/or a// x£ s) ,...,x$ € £ s , &£ s) 6 d, m £ N and (s,l) E {l,...,r} x {1, ...,*}. 

Theorem 3.7 (Full General PDT). ^4n application f E% is Ri, R t -S -abstract (pi, ...,p t )- summing 
if and only if there exist C > and Borel probability measures p,k in Kk, fc = 1, ■■■it, such that 

s(T, x ^,...,x^,b^,...,b^)<cT[( [ R k (<p t x<- 1 \... t x<- r \bWy"-dii k ) /Pk , 

fe=l V** J 

for all E Ei, I = 1, ...,r and &( fc) E Gk, with k = 1, 

Now, we can prove the equivalence between the different approaches to Cohen multilinear operators: 

Theorem 3.8. Let 1 < p < oo and 1/p+l/p* = 1. ForT E C(X%, X n ; Y), the following statements 
are equivalent: 

(i) there is a C > such that 

(\ Vp 
m n \ 
i=l j=l / 

for all m E N, irj E Xj, ipi E Y , i = 1, m , J = 1, ...,n ; 

(ii) fftere is a C > smc/i i/iai 

m n / m \ 1 / n P 

(3.4) ^|^(T(a;f\...,4" ) ))|<C'n ElK^ir IK^ilU- . 

i=l j=l \i=l / 

/or a/Z m G N, 6^, ^€7, i = 1, m , j = 1, n ; 

(m) i/iere are a C > and a Borel probability measure fi in B Y " such that 

(3.5) \<p(T(x u ...,x n ))\<C\\x 1 \\...\\x n \\(j B \*K<p)f dn(t/>)J 
for all Xj E Xj, tp E Y , j = 1, n . 

Proof, (i) => (m) : As mentioned before, we just need to use Holder's inequality. 
(ii) => (m) : Using the Full General PDT, choosing 
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t = n + 1 and r = 1 
Si = {0} 

^fc = {0} , k = 1, n and = B y n 

Gk = Xk, k = 1, ...,n, and G„+i = F 
H = £(Xi,...,X„ ; y) 

Po = 1, Pfc = np, fc = 1, n and p n+1 = p* 
S(T,0,x^\...,x( n \^) = \<p(T(xW,...,xW))\ 
i? fe (7,0,x( fe )) = ||z«||, k=l,...,n 
ii„ + i(^0,^) = h%)| 



we have 



l/Po 



/ /ft 

(j2(s{T Ax p,...,4 n \<pd) 

\i=l 

m 

£MT(zf\...,a>>))| 



l/Po 



and also 



n+l 

n 



[ sup 



l/Pn 



= sup V" R n+ i (tp, 0, <^ l ) p " 



[ sup £ifc( 7j 0, 



i/pfc 



/ m \ VP* „ / m \ 1/«P 

= sup -n £ik- fe) H 



n / m 



iK^miikp-- ] I E 



k=l \i=l 

\ 1/"P 

„( fe ) iinp I 



fc=l \i=l / 

Thus, T satisfies (|3.4p if and only if is -Rt-S'-abstract (pi, ...,pt)-summing. By the Full General 

PDT there arc a constant C > and Borcl probability measures fik in iffc, fc = 1, ...,t such that 

* / /■ \ !/Pfc 

S(T,xi, ...,x r , h,..., b t ) < C JJ I / Rk{(p,x 1: ...,x r ,bk) Pk dfik 



k=l 



that is, 



|v>(T(si ) ... J a n ))|<C 



f[(7 nx fc ird W 

,fc=l v** 



1 / np 



1/P* 



< C|M| ... \\x„ 



i/p* 



|V#)| P >W>) 



i) => (i) : (Theorem 2.4 in [T]) For all m S N, if 1 < i < m we have, by (|3.5[) . 



| W (T(zjV,3< (n) ))l<C|fc 



(i), 



i/p* 



|^(^)I P ^W) 
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Then, 

i/p 



m ml / ,. \ 

^|^(r(,f»...,x I w ))| < eg I ... ik w || (/ W¥>0l p Xtf)J 

/ m \ VP / m / 

< c f E (i|x«n ... iix^nn f E f ^ wrfXvo 

/ m \ l /P I . m \ 

= c E(lK a) H -IK- n) ll) (/ El^)^^)) 



VP / m \ l/P* 

Mil iuW 



vi=l / 

1/p 



c(^E(iK (1) ii-ik (n) ii) P j ii(^r=iik P * • 



□ 



The previous theorem can be seen as a particular case of the next more general and abstract theorem. 
The tool used in the proof, again, is the Full General PDT (see |17j). 

Theorem 3.9. Let f : X\ X • • • X X n — > Y a mapping in H and let 

< p*,u,s,pi, ...,p t -i,qi, -,qt-i < oo , 

such that 

11 11 11 11 

— and - = 1 



U pi Pt-i p* s q x q t -i p* 

If Rk( X1 Xr b) (•) is constant, for each x\, x r , b, then the following are equivalent: 

(i) f is Ri, R t -S '-abstract (p 1; ...,p t _i,p*)-summing; 

(ii) f is Ri, Rt-S '-abstract (gx, ...,qt-i,p*) -summing; 

Proof. By the Full General PDT, / is i? t -5'-abstract (p±, ...,pt_i,p*)-summing if and only if there 

are a constant C and Borcl probability measures fii in K^, i = 1, t , such that 



S(f,xi, ...,x r , 6 t ) < CjJ I / R i (tp,x 1 ,...,x r ,bi) Pi diJ„ l 

i=l \J Ki 



1/Pi 



that is, in our case, / is R\, i? t -S'-abstract (pi, ...,pt_i,p*)-summing if and only if there are a constant 
C and a Borel probability measure \x in K t such that 



(3.6) S(f,xi,...,x r ,b 1 ,...,bt)<C^^R i ((p,xi,...,x r ,b i U ■ (^J 
since, by hypothesis, for any fixed <fi G Ki 



_ i/p* 

R t {(p,xi, ...,x r ,b t ) p dfi 



i/pi 

Ri(<p,xi, ...,x r ,bi) Pi dfj,i I = i?j((p,a;i, ...,a; r ,6j) , i = 1, - 1. 



A', 
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On the other hand, the same reasoning shows that / is Ri, i? t -S'-abstract (qi, q t _i,p*)-summing 
if and only if there are a constant C and a Borel probability measure (i in K t such that 



S{f,xi, ...,x r ,bi, ...,b t ) < C ^Y[Ri(tp, xi, ...,x r ,bi)J ■ (^J 



R t (f,xi, ...,x r ,b t ) p dfi 

expression that corresponds exactly to that given by p. 61) . □ 



It is worth mentioning a somewhat surprising consequence of Theorem 13.91 for linear operators. Let 
p* G (1, oo) be fixed and 

r= {(r,q) G [l,oo) x (l,oo) : 1 = 1 + 1 
L r q p* 

Let C rtq (E; F) be the class of all T G £ (E; F) so that there is a C > satisfying 

X>i( T (^))N < C 11(^)^11,11(^11^ 

for all to. From Theorem 13.91 it follows that 

Cn, qi {.E;F) = C r2 . q2 (E; F) 
for all (j"i,gi) , (^2.92) G r. In particular, 

C m {E;F)=V p {E;F) , 

with 1 = l/p+ 1/p*, for all (r,q) G T. 



4. Multiple Cohen strongly summing multilinear operators 

In this Section we use the successful theory of multiple summing operators (see [TTJ [T71 [H]) as a 
prototype to motivate the forthcoming notion of multiple Cohen strongly p-summing operators. As it 
will be clear along the paper, this new approach is adequate from the viewpoint of polynomial/multilinear 
ideals and holomorphy. 

Definition 4.1. Let 1 < p < 00 and Ei,F be Banach spaces, i = l,...,n, with l/p+ 1/p* = 1. An 
operator T G C{E\, E n ; F) is multiple Cohen strongly p-summing if 

(t (x<V, -,a£?)) . gN G l P (F) , for any (r,' ) ' G l p (Ei), 1 = 1, ...,n. 



Remark 4.2. In the above definitions and hereafter, we are identifying the elements of the set N n with 
elements in N , to avoid overloaded notations. Thus, instead of denoting, for example a,j x j n G h(F;N n ) 
we write only a>j y ,...,j n G h{F). 

The class of all multiple Cohen strongly p-summing multilinear mappings is a subspace of 
C(Ei, ...,E n ;F) (it is easy to show) and will be denoted by C m coh,p{E\, ...,E n ;F). 

Proposition 4.3. ForT G C{E\, ...,E n ;F) and 1/p+l/p* = 1, the following statements are equivalent: 
(i) T is multiple Cohen strongly p-summing; 
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(ii) there is a C > such that 

oo 



h Jn=l 



< c 





















w.p* 



/or any fei,...j n )ji,..,j^N G ) and \xf J ^ e l p (Ei), i = 

(ra) there is a C > swc/i £/m£ 



(4.1) 



E \vh,...j~( T (4i>-"> x . 
ji,...,j„=i 



< c* 





















Oil Jn) 



J 1 3nJj u ...,j n =l 



/or aZZ meN, fji,... ,j„ S F and iEj S F 1 ,-, z = 1, n, j'j = 1, m, j = 1, m. 

In addition, the smallest of the constants C satisfying j^.-Zp , denoted by \ \T\\ m c h.p , defines a norm 
in C m Coh,p(Ei, —, E n ;F). 

Proof, (i) (ii) Since T is multiple Cohen strongly p-summing, the operator 



given by 

vPh,---,jn)jl, — ,3r> 



T: l™,{F)x Z P (F X ) x • • • x l p (E n ) — > h 



T (i) _w 



ji,...,j„eN 



is well-defined and is (n + l)-linear. 

Let (sk)£=i S Z™, (F' ) x l p (Et) x • • • x Z p (F„) with 



(4.2) 
Writing 

(4.3) 

we have 



xj -> .t 6 Z™, (F ) x Z P (F X ) x ■ • • x Z P (F„) 
r(xfe) -)■ (zji,...,j„)ji,...j n eN e Zi 



= (H,..,i„)ii,-^GN, (41) . i=1 .-. (4ri) . n=1 

(^l,..,in)il,...,i„eN, (xfA , (4-nJ - n 



(«j 1 ,...,ink,...,jneN = lim r(x fc ) 



ji,...j„£N 



We need to show that 



T(x) — \Zj 1 ,...,j n )j 1 ,...,j n ei<i- 
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Wc have 



ii,...,i„GN 



So we need to show that 
(4.4) 

for all ji, j n G N. 
But 

(4.5) 



°3U--;3n 



lim (p 

k— >oo 



k 

31, ■■ ,3t 



T (l) _W 



and, on the other hand, from (|4.2[) and ()4.3[) it follows that 

(4.6) 4 j ^ ' in Ei and ^4 j« ~> Vju-Jn in F ' ! 

for any j G N, i = 1, ...,n and ji, ...,j'„ G N. Since T is continuous, it follows from (|4.6I) that 

(4.7) 



, lim <Pj u ...,j n 



Iti I (1) fn' 



for all ji, j„ £ N. So, from (|4.7p and (|4.5p we obtain (|4.4p . Thus, T has closed graph and hence is 
continuous. Thus we have 



Yl \<Ph,..jn( T ( X h>-" 



T 



h j»eN 



(1) _W 

( ( P3l,-,3n)j lt ... j„GN 



< 


r 








hi:, 












p 





(m) => (i) and (m) =>• (m) are immediate. 

(m) (ii) Let (^• 1 ,..., J „) 3 - ll ..., 3 „eN G lp*( F ') and G i p(- B 0> 



i = 1, n. Then, 



E >. i .( r Wl , -0) 



sup 



jl,---,jn = l 

< sup ( C 



iJl, — ,Jn = l 



(1) («) 



c 



31,-,3n /j u ...,j n =l 



□ 



The following result shows that the definition of multiple Cohen strongly p-summing operator 
encompasses the concept of Cohen strongly p-summing operators. 
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Proposition 4.4. Every Cohen strongly p-summing multilinear operator is multiple Cohen strongly 
p-summing and || • \ \ mC oh, P < || • \\coh, P - 

Proof. By the Pictsch Domination Theorem, T £ £coh,p(Ei, E n ; F) if and only if there are a constant 
C and a Borel probability measure [i in B F n such that 

\ i/p* 



\ip(T(xi,...,x n ))\ < C\\xi\\ ... \\x n \\ 



for all Xj , £ Ej ■ , ip £ F , j = 1, n . 
Thus, given m £ N, we have 



|^, 1) ... )J aT(x}^...,x}:o)|<q|^ ) ||...||^|| 



1/p* 



l^(^i,...j„)l p *^W 



for all ^ j n £ F and Xj £ Ei, i = 1, n, 1 < ji, j n < in. Then, 



3l,-J» = l 



<c E 



< C 



E 

iJl, — »Jn = l 



,(1) 



1/P 



^ Ei 



,(i)iip 



v i=i 



»i 



»i 



Ei 

^=i 



i/p* n 



\'>P( ( ph,-,jJ\ F ' d Kip) 



i/p 



i/p* 



1/P 



»l 



(jf E *.)i p >woj 



i/p* 



< c 



= c 



/ m 



i/p* 



W ,p* 



and thus T G C m Coh,p(Ei, E n ;F). 



□ 



An immediate consequence of Theorem 2.2.2 in Cohen's article ([5], page 184) is that the Dvorctzky- 
Rogcrs theorem is valid for Cohen strongly p-summing linear operators: 

Theorem 4.5. If E is a Banach space then ioIe ■ E — >• E is Cohen strongly p-summing if and only if 
dimi? < co. 

Moreover, by invoking the property (CP1) in Definition 16.11 which is satisfied by the class £ m Coh,p, 
we conclude that if u : E — > F is not Cohen strongly p-summing, then the operator 

ip : E x • • • x E —t F, defined by ip(xi, x n ) = f{x\) . . . (p(x n -i)u(x n ) , 

where ^ ip £ E , does not belong to C m Coh,p- This shows that the class of multiple Cohen strongly 
p-summing multilinear operators, though it contains the class Ccoh,p, is not so large. 
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5. Linear, polynomial and multilinear ideals of Cohen strongly summing operators 

Now we present some concepts and results on the theory of operators ideals aiming to study the ideals 
of Cohen strongly p-summing opcrators/polynomials/multilinear operators. The proofs are omitted; the 
book is an excellent reference. 

Definition 5.1. An operator idealX is a subclass of the class C of all continuous linear operators between 
Banach spaces such that for any Banach spaces E and F, the components I (E; F) = C (E; F) CX satisfy: 

(i) X (E, F) is a linear subspace of C (E; F) that contains the finite rank operators; 

(ii) The ideal property: if u G C (E; F), v £ X (F, G) and t £ C (G, H ) , then tvu G X (E; H) . 

Definition 5.2. A normed (p-normed) operator ideal (I, \\-\\ x ) is an operator ideal X equipped with a 
mapping \\-\\ x : X — > [0, oo) such that: 

(i) \\-\\ x constrained to X(E;F) is a norm (p-norm) for any Banach spaces E and F; 

(ii) \\id]^\\ x = 1, with zrfx : K — > K given by id^ (x) — x; 

(Hi) IfueC (E, F) ,v G X (F; G) andteC (G; H) , then \\tvu\\ x < \\t\\ \\v\\ x \\u\\ . 

When the ideal components X(E; F) are complete with respect to \\-\\ x , we say that I is a complete 
ideal (or Banach ideal). In the case of p-normed ideals, we say that I is a quasi-Banach ideal. The 
inequality ||i|| < \\t\\ x for any t € 1, valid for any ideal, is a very useful property in the statements of 
completeness. 

Definition 5.3. A multilinear operator ideal M. is a subclass of the all class of continuous multilinear 
operators between Banach such that for any n G N and Banach spaces E±, E n and F, the components 
M (Ei, E n ; F) = C(E 1 ,...,E n ;F)nM satisfy: 

(i) M. (Ei, E n ; F) is a subspace of C (E\, E n ; F) which contains the n-linear finite type 
operators; 

(ii) The ideal property: if A G Ai (Ei, E n \ F) , Uj G C (Gj, Ej) for j = 1, n and t G C (F; H) , 
then tA(m, ...,«„) G M (Gi, ...,G n ;H) . 

For each fixed n, M n = e„ f Banach C®i> — > ^ni F) is called n-linear multi-ideal. 

Definition 5.4. A normed (or quasi-normed) ideal of multilinear mappings 

(M, is an multilinear ideal provided with a function '■ M. — > [0, oo) , such that: 

(i) \\-\\m constrained to M. (Ei, E n ; F) is a norm (or quasi-norm), with constant not depending 
on space, possibly depending only on n, for any Banach spaces E\, ...,E n , F and all n G N; 

(ii) \\idK n \\j\4 = 1, where zc?K" : K w — > IK is given by id,K n (%x, ■■■,x n ) = xi ■ • ■ x n for all n G N; 
(Hi) IfMeM (Ei, E n ; F), Uj e C(G ] ,E j ) for j = l,...,n andt G C(F;H) , then 

\\tM(ui,...,u n )\\ M < ||t||||M|| A< ||u 1 ||-..||«»||. 

If n is a fixed positive integer, under the above conditions, we say that A4 n is an normed (quasi- 
normed) ideal of n-linear mappings. When the components M. (Ei, E n ; F) are complete with respect 
t° IHIjve we say that M. is a complete multilinear ideal. The same is said about M. n - 

Norms on ideals of multilinear mappings behave similar to the case of ideals of linear mappings, so 
that ||M|| < IIMH^ for any M in M. 

Definition 5.5. An ideal of homogeneous polynomials, or simply an ideal of polynomials is a subclass 
Q of the class of all continuous homogeneous polynomials between Banach spaces such that for all n G N 
an any Banach spaces E and F, the components Q ( n E; F) = V ( n E; F) D Q satisfy: 
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(i) Q ( n E; F) is a vector subspace ofV ( n E; F) containing the n-homogeneous finite type polynomials; 

(ii) The ideal property: if u G C (G; E), P G Q ( n E; F) and t G C (F; H) , then tPu G Q ("G; #) . 

If n G N is fixed, Q n := |J £ F Banach 2 -P) is called the ideal of n-homogeneous polynomials. 

Definition 5.6. A normed (or quasi-normed) ideal of polynomials (<2, ||-||g) is an ideal of polynomials 
if there is a function ||-||g : Q — > [0, oo) , such that: 

(*) ll'llg constrained to Q( n E]F) is a norm (or quasi-norm) with constant not depending on space, 
possibly depending only on n, for any Banach spaces E and F and all n G N; 

(ii) ||i<iK||g = 1 7 where id^ '■ IK — > IK is given by id^ {%) = x n ; 

(Hi) IfueC(G,E),Pe Q ( n E; F), and te£(F;H), then \\tPu\\ Q < \\t\\ \\P\\ Q \\uf . 

If the components Q ( n E; F) are complete with respect to ||-||g , we say that Q is a Banach ideal (or 
quasi-Banach ideal). Similarly one proceeds to Q n . 

The definition and results below show that it is always possible to obtain a (complete) ideal of 
polynomials from the multi-ideals. 

Definition 5.7. Let M. be a quasi-normed ideal of multilinear mappings. The class 

V M = {p eV n ;P eM,nen} , 

with \\P\\-p M ■= \\P\\ M 7 * s called ideal of polynomials generated by the ideal M. 

Proposition 5.8. Let M. be a complete ideal of multilinear mappings. Then Vm * s a Banach ideal of 
polynomials. 

The following remark is useful for next results: 
Remark 5.9. IfTE C(E; F) and ipi G F , i = 1, m , then we have 

ll(Vi°T)£ilkp- = sup \\(vi(T(y)m x \\ r 
yeB E 

= imi sup 

ye b e 

< \\T\\ sup W^hW^Wp* 

heB F 

= \\T\\\\(^)™i\Up* ■ 

Let us denote by V p the class of all linear operators between Banach spaces that are Cohen strongly 
p-summing. We will show that (T> p ,d p ) is a complete normed ideal of linear operators. 

Proposition 5.10. If 1 < p < 00, then (T> p , d p ) is a complete normed ideal of linear operators. 

Proof. We know that the components T) p (E; F) are normed spaces (with d p (-)) for any Banach spaces E 
and F. Straightforward calculations show that d p (id%) = 1 and every component T> p (E; F) is complete 
with norm d p (-) and contains the finite rank linear operators. 
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Ideal property: Let A l e C(E ; E),T G 2? P (S; F) and A 2 G £(F; F ). For all m G N, using Remark 
we have 



J2 \<Pi((M o T o A x ){xi))\ = J2 o A 2 )(T(A 1 (x i ))\ 



(5.1) 



<d p (T)||(^ 1 a; i )£i||p||(^o^2)£i|| Wl p. 

<d p (r)||A 1 ||||(.T 8 )™ 1 || P ||A 2 ||||(^).I=ilk P * 

= ||A 2 ||d p (r)||A 1 ||||(a: i )£ 1 ||p||(^)£ilU- 
= C||(^)™iIIpII(^iII», p * 



and thus A 2 o T o A\ G T> p (E ; F ). Note also that, for (|5.1|) , we get 

dp^oToAj) < ||Aa||dp(T)||Ai|| 



□ 



Let us denote by £coh,p and by Vcoh,p the classes of all multilinear operators and polynomials 
between Banach spaces that are Cohen strongly p-summing. The proof of next Proposition is obtained 
in a similar way to the previous and will be omitted: 

Proposition 5.11. // 1< p < oo and n G N, then (c 

Coh,pi II ' Hco/i,pJ and 

i^Coh^ II • \ \coh, P ) are a 

complete normed ideals of ' n -linear operators and n-homogeneous polynomials. 

Finally, denoting by £ m coh,p the class of all multilinear operators between Banach spaces that are 
multiple Cohen strongly p-summing, we show that (£ m Coh.p , || • \ \mCoh,p) is a complete normed ideal 
of multilinear operators. 

In that direction, Proposition 14.41 shows that the components C m Coh,p(Fx, E n ; F) contain the 
finite type multilinear operators, Proposition ^. 31 ensures that these components are normed spaces and 
a standard calculus shows completeness. Since [|idK n [| = 1; the inequality 1 < 1 1 id^n || m c h,p is easily 
obtained. Moreover, as Ccoh,p is an ideal, \\id^\\ Cohp = 1 and Proposition 14.41 gives us the inequality 
I \idK n | \mCoh,p < 1. It remains to show the ideal property. 

Theorem 5.12. Let n 6 N. Then C" nCohp is a complete normed ideal of n-linear operators. 

Proof. Let A, G C(H i ;E l ), i = l,...,n , T G C m Coh,p{ E U •••> E n\ F) and A G C{F;G). For all m G N, if 
Vh,—,in G an d Xj G Hi, i = 1, n, ji = 1, m, j = l,...,m, Then 

m 

\^ jl ,...j n (AoTo(A 1 ,...,A n )(x^,...,x < ^)) 



< IIT 



mCo/i.p I J 

\j=l 



-4, 



.C) 



3=1 



ll(^,..^^)£,.., 



,j n =ll|u;,p* 



/ n 

< iiAiiiiTii mCo ^nAii---iKii n ). = 



,3'rJji,...,j„ = ll|™,P* 
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So AoTo (A 1 ,...,A n ) e C mCo h,p{ H ii-i H n\G) and 

\\A o T o (Ai, A n )|| mCo / 1 ,p < ||A|| ||T|| 

mCoh.p ll^i||---IKH • 

□ 



Definition 5.13. The class of multiple Cohen strongly p-summing n-homogeneous polynomials is the 
class 

PfnCoh,p :== \P e V n \P G £mCoh,p} • 

Furthermore, with the norm given by | \P\ \v mCo h := l-P| |mCo/i,p, we obtain a complete normed ideal 
of polynomials generated by the ideal C m Coh,p- 

6. Cohen strongly summing sequences: coherence and compatibility 

We show that the ideals of Cohen strongly p-summing polynomials/multilinear operators are coherent 
and compatible, as defined by Pellcgrino and Ribeiro [18] . The same properties are shown to the class 
of multiple Cohen strongly p-summing operators. 

First, we establish the concept of coherence and compatibility that we use. 

Let (jU n , M. n ) n _ l be a sequence of pairs, where each lA n is a (quasi-)normed ideal of n-homogeneous 
polynomials and each Ai n is a (quasi-)normed ideal of n-linear operators. The parameter N can possibly 
be infinite. 

Definition 6.1 (Compatible pair of ideals). LctU be a normed operator ideal and N G (N\ {l})U{oo}. 
A sequence (Wn.)-Mn)n=i with Mi = M-\ = U is compatible with 1A if there exist positive constants 
ai, ct2, Q!3, ct4 such that for all Banach spaces E and F, the following conditions hold for allnE {2,...,iV}: 

(CP1) Ifk G T G M n (Ei,...,E n ;F) and aj G Ej for all j G {1, n} \ {k}, then 

7 1 a 1 ,...,a fc _ 1 ,a fc+ i,...,a„ G U [E k ] F) 

and 

.,afe_i,Ofe + i,...,o n \ \u — a l ll^llxn ll a lll '■• ll a fc-l|l l a fc+l II ■ • ■ \\ a n || • 

(CP2) IfPe U n ("£; F) and a EE, then P a „-i G U (E; F) and 



|Pa-i|| M <a a 



lall"" 1 



(CPS) IfueU (E n ; F) , 7j G E* for all j = 1, n-l, then 

7i • • • 7„_iu G M n (Ei, .., E n ;F) 

and 

||7i • ■ ■ Jn-iu\\ Mn < a 3 hxll ... ||7„_i || |[u|| M . 
(CP4) IfueU(E;F),j G E*, then j^u G U n ( n E; F) and 

(CP5) P belongs to U n {"E; F) if and only if P belongs to M n ( n E; F). 
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Definition 6.2 (Coherent pair of ideals). Let U be a normed operator ideal and N G N U {00} . A 
sequence (U k , Mk)k=i 1 with U\ = M.\ = U, is coherent if there exist positive constants fa, fa, fa, fa 
such that for all Banach spaces E and F the following conditions hold for k = 1, N — 1: 

(CHI) IfT G M k +i {Ei, E k+1 ;F) and a 3 G Ej for j = 1, . . . ,k + 1, then 

T aj eMt (Ei , . . . , Ej-i, Ej + i , . . . , Ek+i ; F) 



\\T a] \\ Mk <Pi\\T\\ Mk+i \\ aj \\. 
(CH2) If P G U k+1 ( k+1 E; F), aeE, then P a belongs to U k ( k E; F) and 



Nl 

Mk+i 



(CHS) IfTeM k (Ex, E k ;F) , 7 G E* +1 , then 

7T G Mh+x (E\, ...,Ek+i;F) and hT\\ Mk+1 < fa || 7 || \\T\\ Mh . 
(CH4)If P ElA k ( k E; F) , 7 G E* , then 

7 P G U k+ i ( k+1 E; F) and || 7 P|| Mfc+1 < fa IItII \\P\\u h ■ 

fCffJj For a// fc = 1, ...,iV, P &e/on 5 s to % ( fe £;F) i/ } and only if P belongs to M k ( k E;F). 

According to the above definitions, coherence does not necessarily imply compatibility. However, 
under restrictions on the constants fa, i = 1, 4, we have: 

Proposition 6.3 (Pellegrino and Ribeiro, [IB])- If (U n , M. n ) n —i * s coherent with fa = fa = fa = fa = 
1, then is compatible with the ideal Mi = Mi = 14. 

We now show that the sequence (Pc ohp ^cod composed by the ideal of n-homogeneous 

polynomials and ideals of Cohen strongly p-summing rt-linear operators, is coherent and compatible 
with the ideal of Cohen strongly p-summing linear operators. 

Theorem 6.4. The sequence (Pcoh pi ^Coh p)n=i * s coherent and compatible with the ideal T> p . 
Proof. Using Proposition 16.31 we show that the sequence is coherent with constants fa = 1, i = 1, 4. 
(CHh) See Section H 

(CHI) Since T G £ C oh, P ( E ii ■••> E n+V,F), we have, Vm G N, 

m m 

El^(T ai (4 1 \... 1 4 n )))| = E| W (T(a 1 ,4 1) ,... 1 4" ) ))| 



»=1 i=l 



VP 



< iiT|| CoftjP ikiini^ir • • • iK (n) ir iio^ii 



1//' 



= imico/KplK|| (£lkf¥-Hk w irJ \\(vi)Zi\Up* 1 

so T ai £ C Co h,p(E2, E n+ i; F) and ||T 0l ||cr /j,p < ||T , ||c ft,p||ai||- By proceeding in a similar way, we 
found that T aj G Ccoh, P (Ei, Ej-i, E j+1 , E n+1 ; F), j = 2,...,n and 

\\Ta 3 \\coh,p < \\T\\coh, P \\aj\\. 
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(CH2) Since P G V Co h, P ( n+lE ' F ), wc havc > Vm e N > 

m m 

|<Pi(P (a;i))| = ^2 \tPt(P(a,x z ,..., x<))| 

i=l i=l 

/ m \ Vp 

^HPllco^f^llaini^lH iK^iu. 

/ m \ VP 

= ii^i icoh. P i mi (Elixir) iK^xiu*- 

and therefore P a G Vcoh, P ( nE: > F ) and ||P ||co/i,p < ||P||cofc,p||a||- 

(CH3) If T e C C oh,p( E ^ -i E n, F) and 7 G we obtain, Vm G N, 



SlwCTrfxW,...,^,^))! 

i=l 

m 

= X;| W (T(x« > ...,*W) 7 (*i n+1) ))| 

i=l 
m 

= 2lw(T(*i 1) ,-,*i" ) 7(*l n+1) )))l 
t=i 

/ m \ V«P 

(.1 \ 1 / p 

m n-f-l \ 
t=i 3=1 / 

and so 7T belongs to C Co hA E i, E n , E n+1 ; F) and ||7T||c h, P < H^llco/t.pl^ll- 
(CH4) If P G T C oh,p{ n F; F ) and 7 € we have, Vm G N, 

m 771 

E lyi(7-P(^i))l = E \ l Pi('y( X i) P ( X i))\ 
t=l i=l 
m 

= ^|^(P(( 7 (x i )) 1/ "x i ))| 

i=l 

/ m \ VP 

< iiPiic oh ,p ( E ii(7(^)) 1/n ^ir p J ik^)i=iL, p « 

/ m \ VP 

< ll^llcc^NI ElNH \\(^)T=i\U P * 



which implies that 7P belongs to Vcoh, P ( n+1 E; F) and \\jP\\coh, P < \\P\\coh, P \ 

Thus, by Proposition 16. 3[ (Pp o/l p , £coh P )n=i ^ s coherent and compatible with the ideal T> p . □ 

Now, we show that the ideals of polynomials multiple Cohen strongly p-summing operators form 
sequences which are coherent and compatible with the ideal of Cohen strongly p-summing linear 
operators. 
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Theorem 6.5. The sequence (P^ Co(l , CmCoh p)rt=i * s coherent and compatible with the ideal T> p of 
Cohen strongly p-summing linear operators. 

Proof. Again, using Proposition 10 . 31 we show that the sequence is coherent with constants pi = 1, 
i = l,...,4. 

(CHh) Follows immediately from Dcfinition l5.13l 

(CHI) We show that if T e C mCo h,p{Eu •••> E n+1 ;F), then 
T a „ +1 £ £mCoh, P (Ei 7 E„;F). For all m £ N, taking the functional 

_ / <Ph,...,3n> ^ in+1 = 1 

~ | o, if j„ +1 = 2,..,m , 
with ji, j„, j n+ i = l,...,m , since T G £ m Coh, P (Ei, E n+1 ; F), we obtain, 



51 l^i,...Jn( T a„ + i(4i >-> X j" ))l = 51 l* J J I ,-J»,jn+i( T (a ; ii >->a$/,an+i))| 

31 Jn=l 31 3n Jn+1= 1 



= I r |j7iCo/i,p | | 



life 



Jl,...,Jn,J»+l-'ji,...,j n ,j„ + i=ll|t",P* 



Ufa. 



Jl,---,Jn;ji,...,j„ = lll«),P* 



so T„„ +1 e CmCoh, P (Ei,...,E n ;F) and |T 0n+1 1 | m Coh,p < ||T||mCo/i,p ||<Wi||- Analogously, 

T CLj S £ m Coh,p\Ei, ...,Ej^i,Ej+i, ...,E n +i;F), j = l,...,n 

and \\T aj \\ m coh, P < |T| | m c /t, P |aj||. 

(CH2) Having in mind that (P a ) v = P a , the result follows as a consequence of the two previous 
items. 

(CHS) Let 7 <E E n+1 . For all positive integer m we have 



(6.1) 

jl,— Jn + l = l 

and the expression (|6.1[) can be rewritten as 



E K ^(^(aiS?,...,^,^)) 

■ +1=1 

m 

e |^....^(r(*s?,....xs: ) 7(*£r 1 i) ))) 



m rn 



(6.2) 

with the choices 



E E hw^i 15 ,..,^) 



jn = l 3l,...,j„-l=l 



( (0 (0 1 i ■ -i , 



» 



» 



(n) / (n+l)\ 

i „ 7( x 2 )> 3n = l,...,m 



L *(m-l)m+j„ J 



x;- /7(x^ '), j„ = 1, ...,m 
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and 



t Ph,—,m+jn — <pj-L,—,jn,2i jn = 1, .-.,771 



^j'l ,...,(m— l)m+j n l fiji,...,j n ,rrn jn — 1, 771 



In fact, 



ji,...,i„ + i=i 



E ( E h ^(r^),...,^,^)))) 



jn+l = l \ii,...,j n = i 



ii in=i 

m 

Jl,...,Jn=l 
rn 

■••+ E |^ 1 ,..,^ > ™(r(^ ) ,...,^ 7 (^+ 1 )))) 

m 

- E l^^?.-.^) 

m 

ji,...,j„=i 



T{ (1) (n) 



E 

Jl Jm=l 



,(1) » 



p?ji,...,(i7i-l)m+3„ (^( Z ji> "•' Z (m-l)m+j. 

E x; |« -N'' 4:") 



») 



m m 



j n =ljl ) ... )- 7' n _l=l 
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In this way, if T € C m Coh,j>{Ei, ...,E n ;F), using (|6.ip and (|6.2I) . wc get 

m 



jl,— ,3n-l :Jn=l 
mCoh,p 



mi m 
re,... ,m.m 2 

(^)HJ n (C 
(4: ) 7(4::: ) )) 



\rn,... ,m , m 



\\T\ 



mCoh,p 



jnjn + l = l 



n-1 

n 



llfe'i,.-.,i»)ji,...,j„_ 1 ,j„=ill«',p* 
(i) > 



< imuok.piHin (4 I) ) m =1 



ii(^'i,...,j„+i) 



jl,-- Jn + l/jl,... J„ + l = llN,P* ' 



1/P 



ll(7(yfe))r=ilL ( x j)T=i 



where in the transition (*), we are using the fact that 

(m 
E MrfiMi* 
j,k=l 

and the continuity of 7. 

Therefore, 7T G C mCo h, P (Ei,..., E n+1 ; F) and 

ll7^ll mC oh,p ^ ll T l! mCoh,p II 'II ' 

(CH4) Let 7 € £ and SV, the set of all permutations of the set {1, ...,n}. Note that we can build 

( 7 P) V as 

(jP) v (x 1 ,... 7 x n+1 ) = r^-jT, E 7(^(fc))-P(a : ( T(i), ■ M -^a(, l +i)) 



(71 + 1)! 



crGS„ 



7(^(1)) E ^O^K" > X a(n+l)) 



7(2 ; a(,i+l)) E ^"(l)'"" ^o-Cn)) 

[7(2:1 )n\P(x2, ■ ■ ■ ,x n+ i) H \-~i{x n+ i)n\P(x-L, ■ ■ ■ ,x n )] 



(71 + 1)! 



n+1 



— J2l(xk)P(xi,--- 

fc=l 



where • • • indicates that the fc-th coordinate is not involved. 
Using this fact, if m £ N, we have 
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■in 

e |^,... n+I ((7P) v (< ) >-.4:: 1 1) )) 



h,— Jn + l = l 
1 



n 



vfc=l 



< 



hf t (2> ^.^-sv^!'.- 1 " 1 -,^::,"))) 

\ii,...,i„ + i=i \fe=i v 7 / 



n + 1 



'n+1 



E 



3l,-,?n+l = l 



Hence 
(6.3) 



< 



— E 

"I — | — X I 



il 3n+l=l 



fe=l ,jre+l = l 



n + 1 



..(2) 



(^(7(4! } ) 

E |^,...^ (^(7(4: + + 1 1) ) 



(1) M (n+1). 



E 

l il, — iin+l = l 



,x 



(n+1) 







iJl, — ,jn+l=l 



e ^^m 1 (w v (4:v..,« ) ) 



n + 1 



E 

^il, — Jn + l = l 



E |^,...^ (^(7(4: + + 1 1) ) 



(2) 

J J2 ' 



(1) 



Ij'l. — .Jn+l=l 



Then, by the same argument used to demonstrate the property (CHS), each part of the (|6.3|) . for 
example the first, can be written as 



E E 

32=1 i3,...,j„+l= 



-J2 ' *J»+1 ■ 
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for convenient choices of (f>j 2 j n+1 and k = 2, n+ 1, and therefore, as shown in property (CHS), 

we have 



n+1 



(') 



i=i 



j-L,...,j n+ l=l 

< \ \P\\mCoh,p \h\\ J 

i=l 

So, returning to (|6.3[) . wc finally obtain 

E |^.-.^((7i') v (*£ , ..-,*£r l 1) )) 



1 1 (fji,— ,3n+i)j\,...,j n+ i=l I L,P* 



Jl, — >Jn+l =1 
f 



n + 1 



E 



( Pjl, — ,jn+ 



x (^(7(^ } ) 



,(2) 



>+!)• 



X J2 ' " ' '^Jn+l 



/ m 



< 



n + 1 



n+1 

^HmCoh,? Ml J 



,(') 



n+1 



ipiuco^ibiin (4 i) )"li 



n+1 



\P\\mCoh,p\h\ \ II 



i=l 



I I (Vil , — iJn+l)^,... l J„ + i=llU,p* + 

1 1 (fji,--- ,jn+i)j\,... j„ + i = ll |to,p* 

I I ( < ^Jlr--,i»+l)jl,...,in+l=l l™>P* - 



Thus 7 P 6 T mCo hA n+lE ; F ) and 

II7-PII mCoh,p < ||-P||mCo/i,p ||7ll = ||-P||mCo7i,p Ml • 

Therefore, by Proposition 16. 3[ {V™ lCoh , C^ lCoh p )%Li is coherent and compatible with the ideal V p 
of Cohen strongly p-summing linear operators. □ 



7. HOLOMORPHY TYPES AND THE IDEAL OF MULTIPLE COHEN STRONGLY MULTILINEAR OPERATORS 

In the previous section we shown that the notion of multiple Cohen strongly p-summing multilinear 
operators is well behaved from the viewpoint of the theory of ideals of operators. In this section we 
show that this class is also well behaved from the viewpoint of holomorphy. 

The following definition is essentially the same as that given by Nachbin [14) : 

Definition 7.1 (Botclho et. al., A global holomorphy type is a class Vh of continuous homogeneous 
polynomials between Banach spaces such that for all natural n and Banach spaces E and F the 
components P H ( n E; F) := V( n E; F) U V H satisfy: 

(i) Vh^E; F) is a linear Banach subspace ofV( n E; F) endowed with a norm denoted by P ^ \\P\\h; 

(ii) Vh{°E; F) = F is a linear normed space for all E and F ; 
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(iii) there is a constant a > 1 such that for all n € N ; k < n, a G E and any Banach spaces E and 
F, with P e V H { n E;F), 



d k P(a) E V H ( k E]F) and 



<a"||P|U||a||"- fc 



where d k P(a) is the kth differential of P at a. 

If we have quasi-norms instead of norms (each VniJ 1 E; F) is a complete quasi-normcd space with 
quasi-norm constants not depending on the under- lying spaces E and F, but possibly depending on n), 
we say that Vh is a global quasi-holomorphy type. 

(n) 

For the next definition, we use the notation ( n E, G; F) instead of (E, ■ ■ - ,E,G;F). 

Definition 7.2 (Botelho et. al., [3]). Let J be a class of continuous multilinear mappings between 
Banach spaces such that for all n <E N and Banach spaces E±,...,E n and F, the component 
3{E\, E n ; F) := C(Ei, E n ; F) U J is a linear subspace of C{E\ 1 E n \ F) equipped with a norm 
denoted by \ \ ■ \ \j . We say that J has property (B) if there is C > 1 such that for every n € N, any 
Banach spaces E and F and every A 6 J{ n E 1 IK; F) symmetric in the first n variables, occurs 

AleJ( n E;F) and \\Al\\j < C\\A\\j , 

where Al : E n — > F is defined by Al(x±, x n ) := A(x±, x n , 1). 



Theorem 7.3 (Botelho et. al., [5]). // the Banach ideal M. of multilinear operators has property (B) 
with constant C, then the Banach ideal Vm °f polynomials generated by M. is a global holomorphy type 
with constant a = 2C. 

We show that the ideal £ m Coh,p of multiple Cohen strongly p-summing multilinear operators has the 
property (B) and therefore the class V m Coh,p of multiple Cohen strongly p-summing polynomials is a 
global holomorphy type. 

Theorem 7.4. The complete ideal C m c h.p has property (B) with constant C = 1. Therefore, the ideal 
V m Coh,p of multiple Cohen strongly p-summing polynomials is a global holomorphy type with constant 
a = 2.' 

Proof. Let be n € N, E and F Banach spaces and T G C m Coh,p( n E ,K; F) . For all positive integer m, 
we define 



0, if Jn+1 = 2,...,m, and fcn+i-i 0, if j n+1 =2,...,m 



MULTIPLE COHEN STRONGLY SUMMING OPERATORS 



2.i 



with j 1 , ...J n ,j n+ i = 1, ...,m. Thus, we have 

m 

E h ^Hxg 5 ,...,^) 

ji,...,i n =i 

m 

= E |v A ,...j.(r(xg ) l ... > »w,i)) 

jl, — ,jn = l 

Ape (1) (n) A 

2^ (M^I '-'^n .«J»+l)J 



ji,...,j n+ i=i 



< iitiu Co/1 , p icvi^i n H'O^i 

i— 1 

n 



3l,---,3n+lJjl,...,jn+l=ll\ w >P* 



life jJi: 



J n = l\\w,p" 1 



from which Tl 6 C m Coh,p( n E; F) c | |T1| | mCo h, P < ||T||mCofe,p- Therefore, £ m Coh, P has the property 
(B) with constant C = 1. □ 
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